MODELING AND TESTING FOR HETEROGENEITY IN OBSERVED

STRATEGIC BEHAVIOR *

Ernan Haruvy

Dale O. Stahl and

PaulW. Wilson

Department ofEconomics

UniversityofTexas

Austin, TX, 78712

July 1999

FinalVersion May17, 2000

Abstract

Experimental data have consistentlyshown diversityin beliefs as well as in actions among experimental subjects. This paper presents and compares alternative behavioral econometric models for the characterization of player heterogeneity , both between sub-populations of players and within subpopulations. In particular, two econometric models of diversitywithin sub -populations of players are investigated: one using a model of computational errors and the other allowing for diversityin prior beliefs around a modal prior for the sub-population.

JEL classification : C12; C14; C15; C51; C52; C72; C91

1. Introduction

Economic theories often prescribe a single mode of behavior fo r ^economic~ agents. Real and experimental data, on the other hand, often suggest that humans exhibit several distinct modes of behavior. 1 This gap between theoryand data calls for a general model of behavioral heterogeneitywhich

(i) allows for multimodal heterogeneity, (ii) is empiricallytestable, and (iii) yields robust predictions of behavior. With the goal of representing behavioral heterogeneityin a rich but parsimonious manner, it is natural to begin with a mixture model consisting of a small number of archetypal behaviors that together span the empiricallypertinent range of human behaviors. Since it is unlikelythat anyof these archetypes will exactlycapture the behavior of anyreal human, a general model of heterogeneitymust also allowfor within-type diversity.

For example, in Stahl and Wilson (1994), a hierarchical theoryof st rategic thinking with four boundedlyrational archetypes (level-0, level-1, level-2 and Nash) was presented with supporting experimental evidence. A fifth "worldly" type was added in Stahl and Wilson (1995, henceforth SW).

Diversityamong players of the same type was explained byerrors in the computation of expected payoffs. 2

Are computational errors the best explanation of within-type diversity? Alternatively, could within-type behavioral diversitybe better explained as variations in the priors (beliefs) around a typespecific mean? The level-1 archetype in SW believes that everyone else is equallylikelyto choose any action (the uniform prior). Instead, there maybe a sub-population of players with priors clustered around the uniform prior, therebygenerating within-type diversityin the observed behavior for a level-1 subpopulation.

In this paper, we develop a model of diverse priors as well as an encompassing model with both computational errors and diverse priors. For the purpos e of testing these models, w e carefullydesign an experiment, and add a computer interface that allows each player to enter hypotheses about the distribution of other players´ choices and have the computer calculate the expected payoff of each strategyagainst a given hypothesis. This on-screen calculator has the potential of substantiallyreducing computational errors, therebyleaving diversityin priors as the main source of within-type diversity. We estimate an econometric model with diverse priors and one in which within-type diversityis explained solelyby computational errors. We compare the results and test each specification against an encompassing model that nests the two models of within-type diversity.

The paper is organized as follows. In section 2, we present a stochastic model incorporating the

SW level-n theory, first with computational errors, and then with diverse priors as the source of withintype diversity. Section 3 contains the details of our experimental design, and section 4 presents our statistical methodologyand the encompassing model. In section 5, we describe the rawdata, estimation results, and the tests of robustness of the models across the games. In section 6, we present the comparison tests and results. Conclusions are discussed in section 7.

2. The Formal Theory

In the SW level-n theory, different sub-populations of players are allowed different degrees of iteration in a self-referential process of modeling other players´ strategies. Of particular interest in the hierarchyare level-1 players, who hold a uniform prior over other players´ actions, and level-2 players, who hold the belief that the population consists mostlyof level-1 players. The games presented in this analysis are 3x3 and hence the abilityto distinguish higher levels given this data is limited. However, additional levels in the hierarchymaybe identifiable in more complex games. In addition, level-n theory considers a level-0 (random) behavior, a Nash behavioral mode and a hybrid ("worldly") behavioral mode.

In order to estimate the parameters characterizing the model, we must have a model of errors for each sub-population, so that the likelihood of observed choices within each sub-population is strictly positive. We describe two econometric models that differ in terms of a player´s deviation from the expected action of his sub- population (i.e. within-type diversity).

2.1. Within-type diversity modeled by computational errors

Let t denote a player´s type, i.e., an index of the sub-population to which a player belongs. Let

U gjk denote the payoff in game g to strategyj given the other player chooses strategyk; j, k Î {1, . . . , J}.

Let q(g,t) be the prior belief of player type t (belonging to sub-population t) for game g; q j (g,t) is the probabilitycorresponding to strategyj Î {1, . . . , J}. Let NE g P denote the J ´ 1 Nash equilibrium (NE) mixed strategyfor game g, and let P 0 denote uniform probabilities over the J strategies.

The prior belief of a participant of type t for game g is given bya two-parameter ( e t , m t ) logit-like specification:

q j (g,t) = e t å m

m

=

J

1 0 g t

0 gj t

) P U exp(

) P U exp(

" "

+ (1- e t ) NE

gj P , j = 1,..., J (1)

where U gj is the 1 ´ J rowvector of the payoffs to action j in game g . The rationale for the formulation of

eq(1) is that it allows for an encompassing prior that can, through appropriate parameter restrictions,

capture level-1, level-2, and Nash behaviors, as well as a hybrid type that borrows from all three. In the

calculation error model we allowplayers to have calculation errors so that a type-t player´s perceived

expected payoff in game g from action k Î {1, . . ., J} is

y * gk (t) = y gk + e gk , (2)

where

y gk (t)= U gk q(g,t)

and e gk denotes the error term for action k in game g. If the e gk are independent and identicallyGumbel

(type-I extreme value) distributed, we can use the conditional logit specification (McFadden, 1974) of the

probabilitythat a player chooses strategyk given his type t:

P(k | g, t) =

å g g

=

J

1

)) t ( g y t exp(

)) t ( gk y t exp(

"

"

, (3)

where the scale parameter g t can be interpreted as the precision parameter of the player´s calculations 3 .

Finite values of g t will allowpositive probabilityon all strategies, therebyallowing for players´ deviations

from their prescribed path of action as well as for choices of dominated strategies. We can interpret this as within-type behavioral diversityrelative to the perfectlyprecise case ( g t = ¥ ). We can model the SW level-

0 ("random") type bysetting g t = 0 in equation (3), which gives uniform probabilities over the J choices

forced bya level-0 player, we denote P(· | g, 0) byP 0 .

SW defined five archetypes, corresponding to the following regions of the parameter space:

Type 0: g 0 =0 The random (uniform) player 4 ;

Type 1: g 1 >0.1 e 1 =1 m 1 =0 Best response to a uniform prior;

Type 2: g 2 >0.1 e 2 =1 m 2 >0.1 Best respo nse to a type-1 opponent;

Type 3: g 3 >0.1 e 3 =0 Nash player;

Type 4: g 4 >0.1 e 4 Î (0.1,0.9) m 4 >0.1 Sophisticated (worldly) player.

In addition, Haruvy, Stahl, and Wilson (1999; hereafter HSW) examined evidence for a Maximax

archetype and found that it significantlyimproves the fit. The behavior of this Maximax type is

characterized bythe probabilistic choice function eq(3) with y gk (t) = max j U gkj . An alternative prior-based

specification which postulates a prior with probability1 on the column containing the largest payoff was

also considered, but statistical tests in HSW rejected the prior-based specification in favor of the Maximax

specification.

Let i index the player and a(i,g) Î {1,2,3} denote the action of player i in game g. Then, assuming

a given player uses the same decision process over all games, the probabilityof player i´s choices over G

games conditional on belonging to sub-population t is

P i t = Õ

Î G g

P(a(i, g) | g, t). (4)

Hence, the likelihood of player i´s observed joint choices is

L i = å

=

5

0 t a t P i t , (5)

where a t is the ex ante probabilityof being a type t player. The log-likelihood to be maximized over the

entire sample of N players is then

LLF = å

=

N

1 i log L i . (6)

Maximizing (6) with respect to the unknown parameters { a t , g t , m t , e t }, yields the desired parameter

estimates 5 .

2.2. Within-type diversity modeled by diverse priors

A second potential source of within-type behavioral diversityarises from players´ priors on other

players´ strategies; i.e., individuals in sub-population t mayhave some variation among their priors. To

allowfor diverse priors, we assume that all priors for a particular type are identicallydistributed with the

same mean and standard deviation in a waythat will distinguish one type from other types.

In the diverse-priors model, the precision parameter g is assumed to be large, resulting in the

participant playing the best response action to his prior with probabilityclose to 1. Hence, if a player´s

type t and prior q were known in advance, the probabilityof choosing strategyk in game g would be

B(k | g,t,q) = lim

¥ ® g ) t) q(g, U (

£ exp t)) q(g, U ( £ exp

1 g gk

å

=

J

"

"

, (7)

with q(g,t) given byeq(1). The absence of calculation error requires that we find an alternative wayto

model a player´s deviation from the modal behavior of his behavioral type. We therefore allowthe

participant to deviate from the expected prior of his type and assume that this deviation follows some

distribution. Let f(

26

F IGURE 2. T HE C OMPUTER S CREEN

27

F IGURE 3. P

REDICTED VERSUS A CTUAL C HOICE F REQUENCIES

B c h o i c e s

0

5

1 0

1 5

2 0

2 5

3 0

3 5

4 0

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5

G a m e

Frequency

A c h o i c e s

0

5

1 0

1 5

2 0

2 5

3 0

3 5

4 0

4 5

5 0

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5

G a m e

Cchoices

0

10

20

30

40

50

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Game

A ctual Computational- Er ror Div er s e- Prior Enc ompas s ing

28

F IGURE 4. A H

ISTOGRAM OF THE D IFFERENCE B ETWEEN THE N UMBER OF B EST

R ESPONSES AND THE N UMBER OF N ON - BEST R ESPONSES

0

1

2

3

4

5

6

7

8

9

-4-202468101214

29

Appendix A: Implementation of the Bootstrap

To implement the bootstrap likelihood-ratio tests of the null hypotheses we must generate pseudo data for the bootstrap under the null. To accomplish this, we employthe following algorithm:

Algorithm #1

[1] Estimate both the constrained and unconstrained models, yielding parameter estimates o

¨ � and ¨ � ,

respectively, as well as the corresponding log-likelihood values o � " ( o ¨ � | X) and " � (¨ � | X).

[2] Compute the likelihood-ratio statistic as l � ( o ¨ � ,¨ � | X) = -2 ( o � " - " � ).

[3] Drawpseudo data X* using the constrained parameter estimates 11 .

[4] Re-estimate both the constrained and unconstrained models using the pseudo data to obtain parameter

estimates * o ¨ � and * ¨ � , respectively, as well as the corresponding log-likelihood values * o � " ( * o ¨ � | X) and

* � " ( * ¨ � | X).

[5] Compute the bootstrap value of the likelihood ratio statistic as * � l ( * o ¨ � , * ¨ � | X * ) = -2 ( * o � " - * � " ).

[6] Repeat step [3]-[5] M times.

After step [6], we have a set of M bootstrap values { * m � l } M 1 m = . The p-value for our likelihood

ratio test is then computed as M -1 ) � � ( I * m M

1 m l > l å = , where I( × ) denotes the indicator function. In all cases,

we set M = 1000.

The bootstrap employed for estimating confidence intervals for individual parameters in the

unconstrained model differs slightlyfrom the above algorithm. In particular, pseudo data sets are

generated using the unconstrained parameter estimates:

Algorithm #2

[1] Estimate the unconstrained model, yielding parameter estimates ¨ � .

[2] Drawpseudo data X* using the unconstrained parameter estimates.

[3] Re-estimate the unconstrained model using the pseudo data to obtain parameter estimates * ¨ � .

[4] Repeat step [2]-[3] M times.

After step [4], we have a set of M (M is set to 1000) bootstrap values { * m ¨ � } M 1 m = . To obtain an

estimated 95% confidence interval for a particular element of q , we sort the M corresponding elements of

{ * m ¨ � } M 1 m = and take the 2.5 th and 97.5 th percentiles as bounds of the estimated confidence interval.

Appendix B: Integration Algorithm

The integration required bythe diverse priors model, eq(8), calls for a numerical integration

algorithm. Since we needed to use bootstrap techniques to estimate confidence intervals, the integration

algorithm had to be computationallyefficient. For this purpose, we generated a finite grid on the three-

dimensional simplex as follows. The [0,1] interval was divided into 21 equal-sized subintervals; the

collection of endpoints of these subintervals (22 in all) forms the grid for each dimension. Projecting

these grids onto the three-dimensional simplex generates (22 ´ 23/2 = ) 253 grid points on that simplex.

The integral in eq(8) is then approximated by:

ò B(k | g, q� ) f( q� | q(g, t), s t ) d q� » å

h

B(k | g, q h ) f � (q h | q(g, t), s t )w(q h ) , (A1)

where the summation is over the grid points, w() is a positive weight function on the grid points such that

S h w(q h ) = 1, and

f � (q h | q(g, t), s t ) = f(q h | q(g, t), s t )/ S i f(q i | q(g, t), s t )w(q i ) ,

is the normalized densityfunction so S h f � (q h | q(g, t), s t ) w(q h ) = 1. The weight w(q h ) can be interpreted

as the area of the simplex associated with grid point q h .

There are three distinct kinds of grid points: (i) the three vertices, (ii) the strictlyinterior points,

and (iii) the interior edge points. When one draws lines parallel to the boundaries of the simplex that

bifurcate the imaginarylines connecting the grid points, a regular rombus surrounds each strictlyinterior

grid point. Relative to these rombi, the interior edge points are surrounded byan area half as large as the

area of one of these rombi. Depending on the orientation of the rombi, the area surrounding a vertex is 1/8

or 1/4 of the area of the rombi, and taking each orientation as equallyvalid, the average is 1/6.

Accordingly, we assigned weights for the grid points as W/6, W, and W/2, respectively, where W º 1/220.5

ensures that the weights sum to unity.

In the absense of computational constraints, one should choose the size of the grid inter vals to be

small relative to the standard deviation of f, i.e. s t

. However, since we want to estimate the

computational-errors model as a nested version of the encompassing model, we need to allowthe s t

’s to go

to 0; but that would require infinitelyfine grids, which is computationallyinfeasible. Consider what goes

wrong with eq(A1) when a fixed finite grid is used while s t goes to 0. If the mean of f, q(g,t), does not

correspond exactlyto one of the grid points, then the bulk of the mass of f will not be approximated byany

grid point, so the numerical summation will be a poor approximation of the true integral. On the other

hand, if q(g,t) corresponds exactlyto one of the grid points, then the bulk of the mass of f will be

concentrated on that grid point, so the numerical summation will be a reasonable approximation of the true

integral.

Since the centroid of the simplex, (1/3,1/3,1/3), is a grid point 12 and since this point represents the

prior of a level-1 archetype, we use eq(A1) with no further modification to compute the choice probabilities

for level-1 types. However, for level-2, Nash and Worldlytypes, the prior q(g,t) generallydoes not

correspond exactlyto a grid point. Therefore, eq(A1) maybe unacceptablyinaccurate for small s t .

To circumvent this problem, we added an additional point to the grid exactlycorresponding to

q(g,t), and we adjusted the weight functions appropriately. Let w 0 be the weight assigned to the newgrid

point [we chose w 0 = W/4]; then the sum of the weights assigned to the original grid points must be

reduced byw 0 . We confine this adjustment to the three grid points closest to the newpoint. The newgrid

point, q(g,t), can be expressed as a unique convex combination of these three nearest grid points: let this convex combination be denoted by( b 1 , b 2 , b 3 ). Then, we reduce the weight assigned to these three points by

b i w 0 respectively; thus, the grid point closest (in this sense) to the newpoint has its weight reduced the

most. This also preserves the propertythat S h w(q h ) = 1, where the summation nowincludes the new

point. The normalized density f � is similarlyadjusted.

Before implementing this "variable point" algorithm, we often failed to get convergence of the

maximization subroutine, and the results were not robust to changes in the grid interval size. After

implementing this algorithm, we easilyobtained convergence, and the results were robust to the grid

interval size, and continuous as s t goes to 0; indeed, we found no difference in the encompassing model

with arbitrarilysmall values of s t

, and the computational error model with s t exactly0.

F OOTNOTES

* Partial funding of this research was provided bygrants SBR-9410501 and SBR-9631389 from the

National Science Foundation (NSF), but nothing herein necessarilyreflects views of the NSF. RayBattalio

assisted in the design of the computer interface, and Eric Battalio created the c omputer code. We are

grateful to anonymous referees for veryconstructive comments. Naturallywe retain full responsibilityfor

anyerrors and omissions.

1 For example, see Stahl and Wilson (1994,1995), Nagel (1995), Stahl (1995), El-Gamal and Grether

(1995), and McKelveyand Palfrey(1992).

2 This approach was also adopted byMcKelvyand Palfrey(1995).

3 In other applications of the conditional logit model, the scale parameter in the Gumbel distribution is

typicallynormalized to unityto avoid the identification problem. The normalization is not necessaryhere

since g t is the onlyfree parameter appearing in equation (3).

4 Level-0 players are analogous to the zero-intelligence traders of Gode and Sunder (1993). The lower

bounds of 0.1 on g t (t=1,�,4) and m 2 are imposed to ensure identification of the types.

5 There are six a parameters, corresponding to the population proportions of the six behavioral types. Five

of the types (all but level-0) have precision parameters, denoted by g . Two of the types (2 and 4) have a

free m parameter. Onlylevel-4 has a free e parameter. Since the a ’s must sum up to 1, the total number of

free parameters is 13.

6 Specifically, considering (a) a pure diverse-priors model in which the optimistic type is specified as prior-

based, and (b) a diverse-priors specification for level-1, level-2, naïve Nash and worldlytypes, plus a

computational-errors specification for the Maximax type, the latter fits the experimental data better (in

terms of likelihood) than the former. Moreover, using Monte Carlo methods for non-nested hypothesis

testing (as in HSW), this difference is statisticallysignificant.

7 For complete instructions, see Stahl (1999).

8 A session comprised two periods each with the same 15 games-- thus the 2.5-hour duration. For the

investigation in this paper, we used onlydata from the first period.

9 See Redner (1981), Self and Liang (1987), and Feng and McCulloch (1996).

10 This models incorporates the non-prior-based specification of Maximax behavior (section 2.1). In

contrast, using a prior-based specification yields -689.177 and fails the bootstrap comparison in Haruvy,

Stahl, and Wilson (1999).

11 To generate the pseudo data, we first generate a pseudo random uniform deviate v on the interval [0, 1]

for each player. We then use the (constrained) estimates of the mixture parameters to partition the [0, 1]

interval into J (J being the number of behavioral types) partitions, with partition j of a length equal to type

j’s estimated proportion in the population. To determine a pseudo player type, we assign a player the type j

if v falls in the j th interval. Next, we simulate choices in each game, conditional on the pseudo player type.

For each type and each game, we have estimated probabilities 1 p� , 2 p� , 3 p� corresponding to each of the

three possible choices. To simulate choices in a particular game bya particular player conditional on his

type, we generate a newpseudo random uniform deviate u on [0, 1], and record the player’s choice as 1 if u

£ 1 p� , as 2 if 1 p� < u £ 1 p� + 2 p� , and as 3 if 1 p� + 2 p� < u. For each pseudo player of a particular type, this

process is repeated for each game.

12 Bychoosing the number of intervals to be a multiple of 3, the centroid of the simplex is one of the grid

points.